Abstract: We apply gauge/gravity duality to compute 1/N 2 c corrections to the heavy quark potentials of a quark-anti-quark pair (QQ) and of a quark-quark pair (QQ) immersed into the strongly coupled N = 4 SYM plasma. On the gravity side these corrections come from the exchanges of supergravity modes between two string worldsheets stretching from the UV boundary of AdS space to the black hole horizon in the bulk and smeared over S 5 . We find that the contributions to the QQ potential coming from the exchanges of all of the relevant modes (such as dilaton, massive scalar, 2-form field, and graviton) are all attractive, leading to an attractive net QQ potential. We show that at large separations r and/or high-temperature T the potential is of Yukawa-type, dominated by the graviton exchange, in agreement with earlier findings. On the other hand, at small-r T the QQ potential scales as ∼ (1/r) ln(1/r T ). In the case of QQ potential the 2-form contribution changes sign and becomes repulsive: however, the net QQ potential remains attractive. At large-r T it is dominated by the graviton exchange, while at small-r T the QQ potential becomes Coulomb-like.
A. Solution of Einstein equations with a straight string as a source 40 
Introduction
Heavy quark potential in the vacuum of the N = 4 supersymmetric Yang-Mills (SYM) theory [1, 2] was one of the first results obtained using the Anti-de Sitter space/Conformal Field Theory (AdS/CFT) correspondence [3] [4] [5] [6] [7] . The first attempt to generalize the calculation [1, 2] to the case of the N = 4 SYM medium at finite temperature (T ) was made in [8, 9] shortly thereafter. The authors of [8, 9] identified two string configurations contributing to the finite-T heavy quark potential in the AdS/CFT framework, shown below in Fig. 2 , and calculated their contributions. Defining the heavy quark potential as the free energy of the quark-anti-quark system immersed in the thermal bath, and assuming that the two string configuration from Fig. 2 contribute to the free energy on equal footing, the authors of [8, 9] obtained a potential which had a kink when plotted as a function of the quark-anti-quark separation r. The kink (a derivative discontinuity) was due to a transition from the regime when one string configuration dominated the potential to the regime where another one was more important. The kink feature of the result obtained in [8, 9] appears to be an artifact of the large-N c approximation, as was noted in [10, 11] . In [10, 11] it was argued that there are of the order of N 2 c configurations with two straight strings (shown in the right panel of Fig. 2 ), such that the two configurations in Fig. 2 do not come in on equal footing, contrary to the assumption made in [8, 9] . Here N c is the number of D3 branes, and N 2 c configurations may be interpreted as resulting from Chan-Paton indices of the two strings, each string having N c of indices (see also [12] , where N 2 c configurations emerge from the topological Z N × Z N symmetry of thermal SYM theory). This large number of string configurations enhances the terms which would be otherwise subleading. As was pointed out in [11] , while the exchanges of supergravity fields between the straight strings shown in Fig. 3 are normally N power of r at very large-r, in some similarity to the weak-coupling perturbative results [19] [20] [21] [22] [23] [24] [25] . The issues associated with different definitions of the heavy quark potential are presented below in Sec. 2 , where we present both definition of the finite-T heavy quark potential, and discuss the pros and cons of using each of them.
The central goal of this paper is to find the full contribution to the heavy quark potential coming from the exchanges of supergravity fields between two straight strings oriented in opposite directions, as shown in Fig. 3 below. In the language of [16] this contribution would correspond to the color-adjoint potential. The calculation is presented in Sec. 3, and is carried out in Euclidean time, making it free of subtleties of the real-time formalism of thermal field theories. We concentrate on the case of the strings smeared over the S 5 , which correspond to Polyakov lines defined below in Eq. (3.1) averaged over the directions of their coupling to six scalars of N = 4 SYM. In this case the supergravity exchanges are limited to k = 0 Kaluza-Klein (KK) modes. The contributions of all the relevant supergravity modes (dilaton, massive scalar, 2-form field and graviton) are calculated in detail in Sec. 3 . We find that all the exchanges give attractive contributions to the QQ potential. The net result for the QQ potential in momentum space is shown in Fig. 13 (lower line). The potential turns out to be attractive at all values of r T (which is the only relevant dimensionless parameter in the problem). The large-r T asymptotics of the net QQ potential is given by the exponential decay of Eq. (3.97), with the exponent determined by the first pole of the momentum (q)-space potential along the imaginary-q axis (in agreement with [11] ). The pole corresponds to the glueball mass in QCD 3 calculated in [14, 15] . We also find the residue of the pole (the factor in front of the exponential). The small-r T asymptotics of the potential is rather peculiar, since it is not quite Coulomb-like, as can be seen from Eq. (3.98) below: the Coulomb 1/r term is multiplied by ln(1/r T ), generating a potential singularity in the T → 0 limit. This singularity might be related to the instability of our non-BPS string configuration. We discuss how the quantum effects, such as string fluctuations, may come in to regulate this logarithmic divergence at very small-r T .
Using the developed machinery, we also calculate the quark-quark QQ potential in Sec. 4, for which there is no hanging (U-shaped) string configuration, and the only contribution comes from the exchanges shown in Fig. 14 between the two strings oriented in the same direction. The only difference between the QQ potential and the adjoint contribution to the QQ potential is in the sign of the NS 2-form contribution, which in the QQ case becomes repulsive. The net QQ potential is still attractive, and is plotted in momentum space in Fig. 13 (upper line). It is interesting to note that at short distances the QQ potential becomes Coulomb-like, as shown in Eq. (4.16) . The absence of the logarithmic singularity that we found earlier in the QQ system can be related to the fact that the system of two parallel branes is (BPS) stable.
We summarize in Sec. 5 by suggesting that the 2-form exchange, which changes sign in going from QQ to QQ, may correspond to the chromo-electric modes in the gauge theory, while the exchanges of all other supergravity fields (the scalars and the graviton) may be interpreted as being mainly due to chromo-magnetic modes. Since both the QQ and QQ potentials are attractive we infer that at strong coupling magnetic modes are more important. We conclude by discussing the possibilities of improving on our calculation, including possibly making it more QCD-like.
Two definitions of the heavy quark potential at finite temperature
Here we will present possible interpretations of the observable we would like to calculate.
Singlet and octet potentials
Imagine immersing a very heavy quark and anti-quark into a static thermal medium of an SU(N c ) gauge theory. (For a nice pedagogical presentation of the topic, along with some weak-coupling calculations, we refer the reader to [18] .) Working in the Euclidean time one defines the Polyakov loop operator at a spatial location r by
with τ the Euclidean time, A 0 the temporal component of the gauge field, β = 1/T , and T the temperature. Using Fierz identity one may write
where t a are the generators of SU(N c ) in the fundamental representation, and r and 0 are spatial locations of the quark and the anti-quark. One then defines the color-singlet heavy quark potential by
and the color-adjoint potential by
Here the angle brackets denote the expectation value of the operators in the thermal bath and the matrix elements are normalized to one for the case of no interaction. The distance between the quark and the anti-quark is r = | r|. The free energy of the quark-anti-quark pair in a thermal bath is given by
The subscript c in the above equations implies that we only keep the connected part of the correlator. This means that the contributions to the quark-anti-quark free energy and to the potentials due to self-interactions of the quarks are subtracted out. (The trivial disconnected part of the correlator due to the contribution without any (self-)interactions that gives 1 in the perturbative expansion of the correlator is included on both sides of (2.5).) Using the definitions (2.3), (2.4) and (2.5) in Eq. (2.2) we write [17, 18] 
We see that the quark-anti-quark free energy consists of the singlet and adjoint contributions. One can show [18] that at weak coupling and in the large-N c limit the singlet potential V 1 (r) is of the order g 2 N c with g the gauge coupling, that is
where λ = g 2 N c is the 't Hooft coupling. The singlet potential is also attractive at weak coupling [18] , and maps onto the standard vacuum Coulomb potential at T = 0. The adjoint (octet) potential V adj (r) is repulsive at weak coupling [18] , and is also subleading in the large-N c limit, such that
In the non-perturbative case, Eq. (2.3) is used in lattice QCD simulations to determine the singlet heavy quark potential at finite-T (see e.g. [26] ). While the separation of the quark-anti-quark free energy into singlet and adjoint components appears to be possible in perturbative calculations order-by-order in the coupling [27, 28] , it is less clear how to accomplish this decomposition in the general non-perturbative case. Indeed the definitions of V 1 (r) and V adj (r) in Eqs. (2.3) and (2.4) are not gauge-invariant. (The sum of the two contributions, and, therefore, the free energy, is gauge-invariant, as follows from Eq. (2.5).) We hence have a question of whether the singlet and adjoint potential are properly defined.
One possible resolution of this problem is to define the color-singlet potential using the real (Minkowski) time formulation of thermal field theory. Define the temporal Wilson loop W , which is a rectangle in the time-r plane, with the spatial sides connecting quark and anti-quark, and the temporal sides having length T , as depicted in Fig. 1 . The singlet heavy quark potential can then be defined by properly re-defined, as shown in Eq. (3.1) below) in the strongly-coupled N = 4 SYM theory using AdS/CFT correspondence, two distinct string configurations have to be considered, as shown in Fig. 2 . The first AdS/CFT calculations of the finite-T heavy quark potential, performed in [8, 9] following the zero-temperature calculation of [1, 2] , found the contribution of the hanging string configuration from the left panel of Fig. 2 . The leading-order contribution of the right panel in Fig. 2 is trivial, since, after subtracting the self-interactions of the quarks, which correspond to the actions of the two straight strings, we are left with zero answer for the renormalized action of this configuration, which is what one should expect in the non-interacting case. As we pointed out above there are of the order of N 2 c configurations of straight strings. The setup appears to be similar to the decomposition of Eq. (2.6): just like in the gauge theory where one has one color-singlet configuration and N 2 c − 1 color-adjoint configurations, there is one hanging string configuration and order-N 2 c straight string configurations in Fig. 2 . Moreover, the AdS/CFT result for the Polyakov loops correlator can be written as [16] 1
with S hanging and S straight the actions of the hanging and straight string configurations, with the self-interactions removed by renormalization. (Indeed we only know that the coefficient in front of the second term on the right of Eq. (2.10) is of the order of N 2 c and we do not have control over −1, which we put there only to normalize the right-hand-side to one in the case of no interactions.) Comparing Eqs. (2.10) and (2.6) allowed the authors of [16] to suggest that the action of the hanging string configuration gives the singlet potential, while the action of the straight strings configuration gives the adjoint potential.
Since, as we have already noted, the decomposition of Eq. (2.6) is not gauge invariant, the suggestion of [16] still needs to be proven. However, let us use our real-time definition of the singlet potential from Eq. (2.9). For a Wilson loop from Fig. 1 with a very long temporal extent T , the AdS/CFT calculation, carried out in the Lorentzian-signature metric, would only contain the hanging string configuration. This is clear since the straight-strings configuration is impossible in Lorentzian-signature AdS 5 : the orientation of the string should be the same throughout the single string world-sheet of this configuration, while orientations of the strings connecting to the quark and anti-quark are opposite, as shown in the right panel of in real time. (In addition to that, in case of Lorentzian-signature black hole the straight-strings world-sheet would not be simply connected, indicating additional 1/N 2 c suppression.) Since the Nambu-Goto action of the static hanging string is independent of whether we work in Lorentzian or Euclidean signature metrics, the potential V 1 (r) defined by Eq. (2.9) is going to be the same as found in [8, 9] . Thus, using our definition of the singlet potential (2.9), we see that the hanging string configuration does indeed give a singlet potential identical to that in Eq. (2.3), yielding [8, 9] 
The fact that this potential is of the same order in N c as the weakly-coupled singlet potential in Eq. (2.7) indicates consistency of our conclusions with perturbative calculations. Using Eq. (2.6), and remembering again that the hanging string configuration gives the singlet potential regardless of whether we work in real or imaginary time, we see that the straight strings configuration from Fig. 2 gives the adjoint potential. At the leading-N 2 c order without any interactions between the strings the adjoint potential defined this way is zero. As was suggested in [11] , a non-zero contribution to S straight comes from the interactions of the strings due to exchanges of supergravity fields, as shown in Fig. 3 . Since the coupling of the supergravity fields to the string world-sheet is of the order of 1/N c , the contribution to the two-strings action due to the exchanges shown in Fig. 3 is order-1/N 2 c . Exchanges of supergravity fields between various string configurations have been considered before [29] [30] [31] , yielding the interaction of the order of λ/N 2 c . Identifying the diagram in Fig. 3 as the leading non-trivial contribution to the adjoint heavy quark potential, we conclude that at strong coupling
Comparing this result to Eq. (2.8) we observe that, surprisingly, for the adjoint potential the power of 't Hooft coupling λ does not change in going from small to large λ! This is unlike the case of the singlet potential in which, just like in many other AdS/CFT results, the power of the coupling changes from λ to √ λ as we increase it from very small to very large, as can be seen from Eqs. (2.7) and (2.11).
In the terminology of the two heavy quark potentials defined A correction to the straight-strings configuration from Fig. 2 due to exchange of a supergravity field, which, as we will see below, can be either a dilaton, massive scalar, 2-form, or a graviton, all of which are denoted here by a cork-screw line.
above, the goal of this paper is to calculate the contribution to the adjoint potential depicted in Fig. 2. 
One unified potential
There exists an alternative to the singlet and adjoint potential decomposition.
2 One can simply define one unified heavy quark potential V (r) as the free energy of the quark-anti-quark pair in the plasma, such that [32] 
The strength of this definition is that the heavy quark potential defined this way is manifestly gauge-invariant.
However, it appears difficult to find an intuitive physical interpretation for the single unified potential defined in Eq. (2.13). To see this, let us start with Eqs. (2.5) and (2.6), which, together with Eq. (2.13) give
Remembering from the previous Section that V 1 (r) ∼ N 0 c and V adj (r) ∼ 1/N 2 c (both at small and large coupling), we expand the right-hand-side of Eq. (2.14) in powers of 1/N 2 c to obtain [11] 
We see that the unified potential V (r) has to be N 2 c -suppressed and equal to
It seems a bit counter-intuitive that the heavy quark potential at T = 0 should be N 2 c -suppressed, while the T = 0 potential is not. Also, in the T → 0 limit, the singlet potential V 1 (r) maps smoothly onto the vacuum potential both at small [18] and large [1, 2] couplings: it is clear from Eq. (2.16) that the potential V (r) instead goes to infinity in the T → 0 limit. Moreover, at small quark-anti-quark separations r, both in QCD and in N = 4 SYM theory, the singlet potential is V 1 (r) ∼ −1/r (while V adj (r) ∼ 1/r in QCD [18] , and V adj (r) ∼ −(1/r) ln(1/r T ) in N = 4 SYM at large-λ, as we will show below). However, as one can infer from Eq. (2.16), the potential V (r) diverges exponentially at small-r as − exp(const β/r), i.e., it becomes very strongly attractive: the physical origin of this behavior is not clear.
Despite the problems with its interpretation, the potential V (r) is well-defined. As we have already mentioned, in our calculation below we will find the contribution of the exchanges of supergravity fields between the two straight strings pictured in Fig. 3 . In the language of the unified potential V (r) in Eq. (2.16), we will be constructing one of the contributions to this potential (V adj (r)) at order-1/N 2 c , while the other contribution (coming from V 1 (r)) was previously found in [8, 9] .
The adjoint contribution to the QQ potential
We want to find the contribution to the correlator of two Polyakov loops Tr L † (0) Tr L( r) c in N = 4 SYM theory at strong 't Hooft coupling at order-1/N 2 c . On the string theory or gravity side, these contribution will be coming from the interactions between the two straight strings in Fig. 3 . In N = 4 SYM theory the definition of the Polyakov loop operator suitable for AdS/CFT calculations is different from Eq. (2.1), and is given by [1, 29] (in Euclidean time)
where X I ( r, τ ) with I = 1, . . . , 6, are the six scalar fields of N = 4 SYM, and θ I is a point on the unit five-sphere, which, for simplicity, will be taken to be independent of time. To make our results more QCD-like we will try to reduce their dependence on the scalar fields X I by averaging L N =4 over all S 5 angles θ I . At low energies type IIB string theory compactified on AdS 5 × S 5 contains a spectrum of supergravity modes. In the bosonic sector, the lightest modes are graviton h M N , dilaton φ, axion C 0 , Neveu-Schwarz (NS) B M N and Ramond-Ramond (RR) C M N 2-form fields (M, N = 1, . . . , 5), and RR 4-form field C 4 with a self-dual field strength. The spectrum also contains an infinite tower of massive scalars, t k (k ≥ 0) and s k (k ≥ 2) with k the index of KK modes [33] [34] [35] . We are interested in those modes that couple to a string world-sheet (with the coupling that is least suppressed in N c ). The smearing of the string over the S 5 will effectively eliminate the coupling of the string world-sheet to modes that carry non-zero KK charge. In what follows, we will neglect the contribution of the fermionic sector to the interaction of the two string world-sheets, since it is N We want to find the quadratic fluctuations of those fields that couple to the string world-sheet as shown in Fig. 3 in the background of the AdS Schwarzschild black hole (AdSSBH) metric
where z ∈ (0, z h ) is the direction along the extra fifth dimension,
3 ) are spacial coordinates, τ is the Euclidean time with period β = πz h , and z h determines the position of the black hole horizon, that is related to temperature as follows: T = 1/β = 1/(πz h ).
To find the correlator of Polyakov loops at order-1/N 2 c we will only need to consider exchanges of the fields that couple to string world-sheet at the tree level. Such fields are graviton, dilaton, massive scalars, and NS/RR two forms. The RR 2-form does not couple directly to a string worldsheet but it mixes with NS-NS 2-form, making it effectively massive [15, 33] . Notice that at the tree-level the axion only couples to the world-sheet fermions, which leads to a higher suppression in N c . Since we are interested in order-1/N 2 c corrections, we will ignore the contribution to the correlator coming from the exchange of the axion.
As we argued above, the quantity we would like to calculate is
where we assume that the quark and anti-quark Polyakov line operators (3.1) are taken at fixed S 5 angles θ and θ ′ correspondingly. Using the results of [29] we can write this contribution (somewhat schematically) in terms of the integrals over string world-sheets A and A
is the sum of bulk-to-bulk propagators (multiplied by the appropriate vertex factors different for each field) for all the supergravity fields that couple to string world-sheets (parametrized by z, τ and z ′ , τ ′ ), with the appropriate indices chosen for the graviton and 2-form contributions. The functions Y [29, 36] . As usual the slope parameter α ′ = 1/ √ λ. Expanding Eq. (3.4) to the first non-trivial order, and averaging it along with Eq. (3.3) over S 5 angles θ and θ ′ yields
since only k = 0 KK mode survives the averaging and Y 0 0 = 1 in the conventions of [29, 36] that we have adopted. Below we will calculate k = 0 KK mode contributions to the action S straight coming from the dilaton, massive scalar (t 0 ), 2-form fields, and the graviton.
The Dilaton

Dilaton potential and the EOM
We begin with the simplest case of the dilaton exchange between the sting world-sheets pictured in Fig. 3 . Writing the KK expansion for the dilaton field as φ = k φ k Y (k) (θ), and only taking the lowest harmonic, the 10-dimensional dilaton action will be reduced to
where φ = φ(x µ , z) is the coefficient of the zeroth KK harmonic and M, N = µ, z with µ = 0, . . . , 3. Notice, that the massless dilaton in the AdS bulk is dual to the glueball operator Tr F 2 µν in the boundary theory. The coupling of the dilaton to the string world-sheet is described by the action
where
N is the induced metric on the string world-sheet, and R (2) is the worldsheet curvature. In the large N c limit, when the AdS radius is large, R (2) will be subleading and can be ignored [29] .
Expanding e φ/2 = 1 + φ/2 + . . . and using α ′ = 1/ √ λ we see that the leading-order action of the dilaton coupled to two strings is
where (i) has a meaning of integration over the i th string world-sheet, i = 1, 2. The equations of motion (EOM) for the rescaled scalar field,φ
can be written as
where sub-index i = 1, 2 implies that we want to find the scalar field created by the string localized at spatial position X i . Choosing the quark to be located at X 1 = r and the anti-quark at X 2 = 0, the two strings world-sheets can be parametrized as
Note that in Eq. (3.11) the string dual to the anti-quark (X 2 ) is oriented opposite to that of the string dual to the quark (X 1 ), as also shown in Fig. 3 : this will be important for the analysis of the 2-form fields contribution. Now, we are interested in evaluating the action (3.8) on the solution of the classical EOM (3.10). Taking into account that φ = φ 1 + φ 2 , and dropping the terms in the action that correspond to (anti-)quark self-energy contributions as they do not contribute to the connected Polyakov loop correlator in Eq. (3.3) that we want to find, we obtain 12) where integration in each term is over one of the string world-sheets of the classical field φ created by the other string. Note that the two terms on the right-hand-side of Eq. (3.12) are equal. The integration over string world-sheet is
The determinant of the induced metric is γ = det γ αβ = 1/z 4 for the strings parametrized as in Eq. (3.11) in the background metric (3.2). Using all this in Eq. (3.12), and noticing that in the static case considered here the solution of classical EOM (3.10) is going to be time-independent, we obtain the dilaton contribution to the potential
(3.14)
Asφ 2 is time-independent, we explicitly removed τ from its argument.
The equation is easier to tackle in momentum space. Writinḡ
we recast Eq. (3.15) as
In solving Eq. (3.17) it is convenient to measure z and q in units of z h , such that, rescaling
to make them dimensionless, we get
The potential in momentum space V adj (q) is defined by
where we have switched to dimensionless r/z h → r as well. The dimensionless momentum-space dilaton contribution to the potential is
(Note that the rescaled ϕ in Eq. (3.21) is dimensionless, and so are the rescaled z and q.) Since Eq. (3.19) depends on q through q 2 , its solution ϕ depends on the vector q through its length squared q 2 .
Solution of the dilaton EOM
Solution of the dilaton EOM (3.19) can be constructed as a series in the powers of z
2 n + 4 (3.22) with the recursion relations for the coefficients
The first series in Eq. (3.22) is the solution of the inhomogeneous equation, while the second series is the solution of the homogeneous equation. Both series were constructed by requiring that ϕ(z = 0) = 0: this is the condition of normalizability of the dilaton field. Clearly the potential in (3.21) would be infinite if this condition was not satisfied. The coefficient C φ (q 2 ) in Eq. (3.22) has to be fixed by the boundary condition at the horizon. To obtain this condition we follow the standard procedure and expand the AdSSBH metric (3.2) near horizon. Defining ρ = 2 √ 1 − z we obtain a flat near-horizon metric
In this new flat metric the function ϕ(x, ρ) should have zero derivative at the origin, ϕ ρ (ρ = 0) = 0, otherwise ϕ would have a discontinuous derivative at the origin. 3 This translates into
in z-space. The condition (3.25) appears to be somewhat weak, as it only implies that ϕ should be finite at the horizon. To see that the finiteness of ϕ at the horizon uniquely determines the solution of Eq. (3.19) we can expand ϕ in the powers of 1 − z. In this near-horizon expansion case the series solving the inhomogeneous and homogeneous equations (3.19) are the same, such that the solution can be written as a single series
with the recursion relations
between its coefficients. One can see that the value of ϕ at the horizon z = 1, given by the coefficient h 0 , is assumed to be finite here. The coefficient h 0 alone determines the rest of the series (3.26), with the help of Eq. (3.27). The only remaining degree of freedom, h 0 , is fixed by the ϕ(z = 0) = 0 condition. This proves that finiteness of ϕ at the horizon, along with the ϕ(z = 0) = 0 condition, are sufficient to uniquely define the solution of Eq. (3.19) . Analytic summation of the series (3.22) and/or (3.26) appears to be prohibitively complicated. Instead we construct the solution for ϕ by summing the series (3.22) numerically. We numerically evaluate partial sums
2 n + 4 (3.28)
constructing sequential approximations ϕ(q, z, N) of the exact solution ϕ(q, z) = lim
To determine the coefficients C φ (q 2 , N) we need to require that ϕ(q, z, N) is finite at the horizon: to insure this without specifying the (unknown) value of ϕ(q, z, N) at the horizon we impose Neumann boundary conditions on ϕ(q, z, N) at z = 1. Indeed the exact solution of Eq. (3.19) does not have to satisfy Neumann boundary conditions at the horizon: however, imposing this condition on partial sums ϕ(q, z, N) makes them finite at the horizon, such that, since the solution which is finite at the horizon is unique, as N increases the partial sums would converge onto this one exact solution for ϕ(q, z), with the part of the interval z ∈ (0, 1) affected by the Neumann boundary condition rapidly shrinking. Since Eq. (3.19) is a second-order differential equation, it has two solutions: one that is finite at the horizon, and one that is infinite at the horizon. Therefore any boundary condition forcing ϕ(q, z, N) to be finite at z = 1 would map these partial sums onto the solution finite at the horizon in the N → ∞ limit. For instance, Dirichlet boundary condition at z = 1 would also work. However, Neumann boundary conditions appear to give the fastest numerical convergence to the exact solution. Demanding that ∂ z ϕ(q, z, N) z=1 = 0 yields Fig. 4 for different values of N. One can see that, as the order of the partial sum N increases, the solutions tend to converge to the unified limiting curve, deviating from it only in the rapidly shrinking region near z = 1 to satisfy Neumann boundary condition. 
The potential is also evaluated by numerical calculation of the partial sums. Dilaton contribution V φ adj (q) to the heavy quark potential is plotted in momentum space in Fig. 5 . The potential is finite at q = 0 which indicates screening of the quark-anti-quark interactions by the thermal N = 4 SYM medium. Since the potential is monotonically increasing and negative, one should expect that in coordinate space the contribution of the dilaton will be attractive.
Asymptotics of the dilaton contribution
While it is hard to perform a reliable numerical Fourier transform of the potential from Fig. 5 into coordinate space, we can use our numerical results to understand its asymptotics at large and small values of the dimensionless parameter r, or, equivalently, of the parameter r T if we go back to the dimensionful r not measured in the units of z h .
Let us begin with the case of large-r T , which can be achieved by either increasing the quarkanti-quark separation r or by increasing the temperature T . Noting that the momentum space potential is a function of q 2 we can integrate Eq. (3.20) over the angles, obtaining
The q-integral can be done by closing the contour in the upper half-plane and picking up contributions of all the singularities there. It turns out that the singularities of the dilaton potential V φ adj (q) (along with the similar potentials for other supergravity fields that we will analyze below) are only limited to poles along the imaginary-q axis. As originally suggested in [11] , the positions of the poles correspond to the glueball masses for QCD 3 calculated in [14, 15, [37] [38] [39] [40] and references therein. The potential V φ adj (q) is plotted in units of λ/(2 N 2 c ) along the positive imaginary-q axis in Fig. 6 , illustrating this point. Note that the potential is real along both the real and the imaginary axes in the complex q-plane.
Denoting the positions of the poles on the positive imaginary-q axis by i m n with n = 1, 2, . . . (such that m 1 < m 2 < . . .) we write (see also [30, 37] )
The large-r behavior is determined by the first pole m 1 . For the case of the dilaton, according to our numerical solution the leading pole is at m φ 1 = 3.4041 ± 0.0001 (for N = 3 × 10 5 iterations), in agreement with [14, 15] . The residue of the pole is i (0.12 ± 0.01), such that the large-r asymptotics of the dilaton contribution to the potential is
where we have inserted z h = 1/(π T ) back into the expression. We obtain a screened Yukawa-type attractive potential falling off exponentially with the distance r. Now we consider the case of small-r, which, inserting z h back, means small r T , a regime which can be interpreted as resulting from either the short separations r or low temperatures T . Due to the Fourier transform (3.20), low-r corresponds to large-q. In the large-q limit, and for z ≫ 1/q, we can neglect the terms on the left-hand-side of Eq. (3.19) containing z-derivatives compared to the term with q 2 . This yields Since, as follows from the series solution (3.22) , the function ϕ goes to zero as z 3 when z → 0, we can argue that most of the support of the integrand ϕ/z 2 in Eq. (3.21) comes from larger z, and hence, for large-q, the condition q z ≫ 1 is satisfied over most of the z-range contributing to the potential. Using Eq. (3.34) in Eq. (3.21) and inserting a UV cutoff of 1/q in it, we obtain (with the leading logarithmic accuracy)
Fourier-transforming this back into coordinate space with the help of Eq. (3.20), and inserting z h back in to make r dimensionful yields (again with the leading logarithmic accuracy)
The potential in (3.36) is attractive, but is not quite Coulomb-like, due to the extra logarithmic factor. This factor is somewhat worrisome, as it makes the potential infinite in the T → 0 limit. This, however, might not be viewed as a problem on the gauge theory side, since it is not clear how to define the adjoint potential at T = 0 in a gauge-invariant way: therefore, the divergence takes place in the limit when the quantity we are calculating is not defined. On the string theory side it appears that, in absence of the black hole, the interaction between two string world-sheets would be infinite: the situation is analogous to the instability of the parallel D-brane-anti-D-brane configuration. One may also argue that at small separations r higher-order string corrections may come in and modify the result, possibly regulating the divergence: we will discuss this possibility after calculating the contributions of all other supergravity fields.
Massive Scalars
The potential and EOM
In addition to the dilaton, compactification on S 5 leads to additional scalar modes that come from the KK modes of the trace of the metric and from the 4-form field perturbations over S 5 , that is, from h α α and a αβγδ correspondingly, where indices take values on S 5 [29, [33] [34] [35] [36] . The KK modes of h α α and a αβγδ mix in the EOM, but at the quadratic order the action can be diagonalized by the scalar modes s k (with k ≥ 2) and t k (with k ≥ 0) [29, [33] [34] [35] [36] ]. The modes s k for k = 2, 3 are tachyonic, while all other s k and all t k modes are massive: we will refer to all modes t k and s k as massive scalars. Since we are interested in the modes which survive averaging over S 5 , i.e., in k = 0 KK modes, we only need to study the contribution of t 0 to the string interaction. The action for the t k modes can be found in [34, 35] . The coupling of t k to the string world-sheet follows from the coupling of the graviton to the string. Writing the 5d metric fluctuations for k = 0 KK mode in terms of fields diagonalizing EOM as [35] 
with ∇ M the covariant derivative we can determine the coupling of t 0 to the string world-sheet from the coupling of δg 0 M N to the string. One can readily show that the coupling of the ∇ M ∇ N t 0 term to the world-sheet of our straight strings (3.11) is zero if ∂ z t 0 (z = 0) = 0, with the latter condition satisfied by the solution of the classical EOM for t 0 . Dropping the derivative term in Eq. (3.37) we get (using the same notation as in Eq. (3.8))
(3.38)
we write the equation of motion for the field produced by the string at X 2 = 0:
The action evaluated at the classical solution is
giving the contribution to the heavy quark potential
Just like with the dilaton, in order to solve Eq. (3.40) we go to momentum spacē
where, in units of z h (3.18), the EOM becomes
Just like with the dilaton we require that t 0 (z = 0) = 0 and t 0 (z = 1) is finite. The contribution of t 0 to the momentum-space potential is then (in the same z h = 1 units)
The coordinate-space potential can be obtained from Eq. (3.20).
Solution of the EOM for t 0
The series solution for Eq. (3.44) is
with the recursion relations for the coefficients Again we sum the series (3.46) numerically, imposing the Neumann boundary conditions at the horizon. These yield
Substituting Eq. (3.46) into Eq. (3.45) we obtain the contribution of the scalar t 0 to the momentum-space heavy quark potential
The potential V t 0 adj (q) is plotted in Fig. 7 in units of λ/(2N 2 c ). It looks similar to the dilaton contribution to the potential plotted in Fig. 5 and also appears to be attractive.
Asymptotics of the massive scalar contribution
Just like for the dilaton, the singularities of the potentialṼ t 0 adj (q) are poles along the imaginary-q axis. The potential V t 0 adj (q) along the positive imaginary-q axis is plotted in Fig. 8 . The large-r asymptotics is given by the leading pole, which was found to be at m t 0 1 = 7.410 ± 0.001 (for N = 10 6 iterations), in minor disagreement with [15] , possibly due to differences in implementation of the numerical simulations. The residue of the pole is i (0.04 ± 0.01), giving the large-r asymptotics of the t 0 contribution to the heavy quark potential with z h = 1/(π T ) inserted back such that r has units of distance. Again, this is an attractive screened Yukawa-type potential, with the screening mass larger than that for the dilaton. Hence the dilaton contribution dominates over that of t 0 at large-r T .
We have also investigated the contribution of the tachyonic scalar s 2 ≡ s k=2 to the interaction between the string world-sheets. Since this is a k = 2 KK mode, it does not contribute to the potential (3.5) averaged over S 5 positions of both strings that we want to calculate. In the effort to translate the physical meaning of the s 2 contribution into the QCD language, and identifying the SU(4) R-symmetry group of N = 4 SYM with the flavor group on QCD, one may argue that s 2 -exchange would correspond to some flavor-changing interaction between the quarks. Our motivation for studying s 2 lies in the fact it is a tachyon, and it is precisely the s 2 contribution which dominates the large-r asymptotics of the interactions of two strings in the empty AdS 5 space (zero-temperature case in the gauge theory), as was shown in [29] , giving a potential between two rectangular Wilson loops (two "mesons") that falls of as 1/r 4 at large-r. The s 2 -exchange in the AdSSBH background leads to an attractive potential, but with a small screening mass m Clearly, if we allow for exchanges of higher KK modes, the s 2 contribution would dominate over that of the dilaton and t 0 at large-r T . We would like to point out in advance that the screening masses for the 2-form field and the graviton (k = 0 term only) would also be larger than m s 2 1 ≈ 1.373. As the screening mass appears to increase with k, one may conjecture that the s 2 contribution (3.51) would dominate over all other supergravity modes exchanges at large-r T . Since our main analysis here is limited to k = 0 case when quarks do not carry R-charge, we will not have the s 2 contribution in the net potential.
At small-r/large-q the approximate solution of Eq. (3.44) is
giving the coordinate-space potential
where again we have reinstated the temperature T explicitly.
Two-Form Fields
The potential and EOM
The effective action for the k = 0 KK mode of the NS 2-form along with its coupling to the string world-sheet can be written as (after integrating out the contribution of the RR 2-form)
where indices a, b = 0, 1 run over string world-sheets, ǫ ab = −ǫ ba with ǫ 01 = 1, and κ , where µ = 1, . . . , 4 now.
The second term on the right of Eq. (3.54) describes the effective mass of the 2-form that is generated via the Chern-Simons type of mixing with the RR 2-form C M N [15, 33] . To understand why there should be a mass term, notice that, in the absence of the string sources, the 2-forms B M N and C M N can be combined into one complex 2-form field A M N = B M N + i C M N [15, 33] . The field equation for A M N can be factorized into two first order differential equations, and each can be iterated leading to a second order equation of the form Max A M N − m 2 A M N = 0, where Max is a second order Maxwell differential operator for 2-forms defined by Max B M N = ∇ R H M N R (for more details see [15] ). For k = 0 KK modes that have no dependence on S 5 coordinates, one equation has m 2 = 16, and the other one has m = 0. It can be shown that the massless equation has only pure gauge solutions, which can be ignored (see [33] Since only the NS 2-form field B M N couples to string world-sheets, we are interested in the resulting action for it that gives this massive EOM, which is given by the first two terms on the right of (3.54) .
Using the string parametrization (3.11) in the action (3.54) simplifies it to
dτ dz B 0z (τ, 0, z), (3.56) with the action along the classical solution
To find the classical field B M N (τ, r, z) due to the string X 2 we define the rescaled 2-form field
We need to find the classical fieldB M N satisfying the EOM which follow from Eq. (3.54) To findB 0z we need to solve the EOM (3.59) to find the field of the string X 2 . In the static case we consider, and due to rotational O(3) symmetry around the string in the R 3 -space spanned by x 1 , x 2 , x 3 , the solution should depend on r and z only,B M N =B M N (r, z). Working in spherical coordinates r, θ, φ in R 3 we notice that EOM forB M N components with either (or both) M or N equal θ or φ decouple, and since there is no source for those components we can put them all to zero. This leaves us withB 0z ,B 0r , andB rz . The r z component of Eq. (3.59) requires thatB rz = 0, leaving us withB 0z andB 0r only.
The EOM for componentsB 0z andB 0r are mixed with each other. The 0 z and 0 r components of Eq. (3.59) yield (keeping in mind that the fields depend only on (r, z))
Defining Λ(r, z) by ∂ r Λ =B 0r we can shift the 2-form field
and use the new fieldB 0z to simplify Eqs. (3.61) to
Fourier-transforming the 2-form field
and eliminating Λ from Eqs. (3.63) yields
Here the prime denotes the partial derivative with respect to z. We have also switched to the units of z h (see Eq. with z and q now taken in the units of z h .
Solution of the 2-form EOM
The series solution of Eq. (3.65) is slightly more involved than that for the dilaton and t 0 and is given by
(3.67)
Neumann boundary conditions for the partial sums of the series give
Plugging Eq. (3.67) into Eq. (3.66) we obtain a series representation of the contribution of the 2-form field to the heavy quark potential in momentum space
Our evaluation of this potential by numerically summing up the series is plotted in Fig. 9 in units of λ/(2 N 2 c ). Just like the dilaton and t 0 contributions, the 2-form potential in Fig. 9 appears to be attractive.
Asymptotics of the 2-form contribution
As before the 2-form contribution V B adj (q) only has poles along the imaginary-q axis. The plot of V B adj (q) along the positive Im q-axis is shown in Fig. 10 .
The leading pole of V B adj (q) is found to be at m Again this is an attractive potential.
At small-r T /large-q the asymptotic solution of Eq. (3.65) is 
which is also attractive.
The Graviton
The potential and Einstein equations
We want to find quadratic fluctuations in the metric, g M N + h M N , induced in the presence of a straight string stretching from the UV boundary all the way down to the horizon. The most general form of the static metric with the SO(3) rotational symmetry takes the form
It can be shown that there are consistent (non-singular) diffeomorphism transformations that can lead to the above metric. Since the coupling of the string world-sheet to graviton is
it follows that the 5-dimensional energy-momentum (EM) tensor of the string at X 2 = 0 in the bulk is
(see [41] [42] [43] for similar calculations). The non-vanishing components of the EM tensor are
Therefore, in the presence of the string source, the Einstein equations can be written as
where G M N is the Einstein tensor, 6 is coming from the cosmological constant term, and κ
c . As usual we will work in units where z h = 1 and R AdS = 1. Linearized Einstein equations (3.78) for the metric (3.74) are presented and simplified in Appendix A, using momentum-space metric componentsĀ
for the rescaled fields
h. After lengthy but straightforward calculations presented in Appendix A, the equation forĀ (at the leading order in perturbations) can be brought to the following form:
Again the boundary conditions are A(q, z = 0) = 0 and A(q, z = 1) should be finite. Similar to the previous cases, the full graviton action evaluated on the classical solution of Eq. (3.82) isS
such that the graviton contribution to the adjoint heavy quark potential is
in coordinate space, translating into
in momentum space.
Solution of Einstein equations
The series solution of Eq. (3.82) is
Neumann boundary conditions imposed on partial sums of the series (3.86) yield
Finally, the series representation for the potential is obtained by using Eq. (3.86) in Eq. (3.85), which results in
The numerical evaluation of the series is plotted in Fig. 11 . The graviton naturally gives an attractive potential.
The q-range of the plot in Fig. 11 is limited by the convergence of the series in Eq. (3.89) both from above and from below, unlike the previous supergravity fields for which the convergence problems only appeared at large-q. At small (but non-zero) real q the numerical evaluation of the partial sums of the series in Eq. (3.89) appears to diverge, though the singularity moves towards q = 0 as one increases the number of terms in the sums. One may then suspect a non-analyticity at q = 0 in V G adj (q). On the other hand one has to remember that in arriving at Eq. (3.82) we have made a substitution (A6), which is potentially singular at q = 0: the peculiar behavior of the numerics may be attributed to this potentially dangerous operation. To test whether this convergence issue We see that the graviton contribution to the heavy quark potential is finite at q = 0. Moreover, the q 2 series in Eq. (3.90) can be easily continued, demonstrating that V G adj (q) is analytic at q = 0. Therefore the divergence described above is a numerical artifact and not a real physical divergence.
Asymptotics of the graviton contribution
The graviton contribution V G adj (q) only has poles along the imaginary-q axis. The plot of V G adj (q) along this axis is shown in Fig. 12 .
The leading pole of V G adj (q) is at m G 1 = 2.33 ± 0.01 (for N = 3000 iterations), also in agreement with [14, 15] , though with significantly lower precision, due to the complicated structure of the recurrence relations (3.87) for the series coefficients. The residue of the leading pole is i (0.37±0.01), This is also an attractive-potential contribution. At small-r T /large-q the asymptotic solution of Eq. (3.82) is
which, when used in Eq. (3.85) yields
which is, yet again, an attractive potential.
The Net Result
The net contribution of all supergravity fields to the QQ potential at the order-λ/N 
The corresponding coordinate-space potential V QQ adj (r),
can be obtained from Eq. (3.95) using Eq. (3.20) . The total potential V adj (q) is plotted in Fig. 13 (lower line) in momentum space (along with the quark-quark potential to be discussed later in Sec. 4). Since all the four contributions to this potential were attractive, the resulting potential is indeed attractive. This is in contrast to the adjoint potential in perturbation theory, which was found to be repulsive (see e.g. [18] ). As observed before, the adjoint potential (or the adjoint contribution to the unified total potential, as discussed in Sec. 2.2) is of order-λ/N The large-r T asymptotics of the net potential V QQ adj (r) is given by the mode with the lightest screening mass, which, as follows from the above calculations (and from earlier works [14, 15] ) is the graviton, such that
0.86 ± 0.03 2 π r e −2.33 π r T , (3.97)
with the exponent in agreement with [11] . As we discussed above, if higher KK modes were allowed, than the large-r T scaling would be dominated by the s 2 field, and would be given by Eq. (3.51). At small-r T , adding the contributions from Eqs. Therefore, assuming that corrections to our setup, coming presumably from string fluctuations, would regularize the divergence in the z integral at large-z (see e.g. [44] for similar phenomena), and putting z h = 1/(π T ) back into the expression explicitly, we see that the z-integral in Eq. which is finite in the r T → 0 limit.
The QQ potential
We can use the results of the above calculation to find the potential between two heavy quarks immersed in the finite-T N = 4 SYM medium. While the decomposition into the two potentials corresponding to color group representationsN c and N 2 c − N c is possible along the lines of Eq. (2.6), as we will see momentarily both potentials obtained this way would correspond to the same string configuration in AdS space, and, therefore, would be equal to each other. Hence we define the QQ potential simply as
in analogy to Eq. (2.13). To calculate V QQ (r) using AdS/CFT we notice that now both strings attached to the quarks have to have the same orientation. Therefore the hanging string configuration from the left panel of Fig. 2 is now impossible, and the potential is given by the straight-strings configuration shown in Fig. 14 . Just as for the QQ system, the left panel in Fig. 14 gives zero contribution to the potential after renormalization and subtraction of self-interactions. We are left with the right panel in Fig. 14. Note that now both strings are oriented in the same direction, and can be parametrized as (cf. Eq. (3.11))
The effect of this difference is only felt by the 2-form field coupling to the string X 2 , which changes its sign, as follows from Eq. (3.54). Hence the action of the configuration in the right panel of Fig. 14 differs from that in Fig. 3 by the sign of the 2-form contribution. We therefore write for the momentum-space QQ potential
and for the coordinate-space potential
The right-hand-sides of Eqs. (4.3) and (4.4) contain terms given by the results of the above calculations of the contributions to the QQ potential. The QQ potential from Eq. (4.3) can be evaluated numerically using the above techniques and is plotted in Fig. 13 (upper line) . It appears to be attractive, though somewhat weaker than the QQ potential. The large-r T behavior of V QQ (r) is dominated by the graviton exchange, just like in the QQ case:
The small-r T limit is less straightforward to find. First of all, using Eqs. 4) comes from the part of the EOM for those fields that is independent of the curvature of AdS 5 . Hence this part of the string-string interactions is the same as in the flat space. In the flat space, however, we know that the interaction between the parallel strings oriented in the same direction should vanish since this would be a BPS system. In a way the zero of Eq. (4.6) provides a cross-check that we have properly accounted for all the relevant supergravity modes. The zero on Eq. (4.6) only implies that the leading-logarithm terms containing (1/r) ln(1/r T ), which gave rise to the small-r T potential (3.98) in the QQ case, cancel among each other in the QQ case. This does not imply that the QQ potential actually goes to zero as r T → 0. To determine the correct r T → 0 asymptotics of the QQ potential we have to solve the EOM for the four relevant supergravity fields (φ, t 0 , B M N , h M N ) at T = 0 and integrate
Finally, the Einstein equations at T = 0, reduced to a single equation for A, read
This equation can be solved by series expansion similar to how it was done in the non-zero temperature case. However, the series can only be summed numerically. Instead we simply solve Eq. (4.14) numerically, requiring that A(q, z = 0) = 0 and that A maps onto the asymptotics of Eq. (3.93) at large-q z. Numerical evaluation of the resulting QQ potential at T = 0 by the integration over z of the sum of all four contributions following Eq. (4.7) yields
The corresponding coordinate-space potential is
We see that the net QQ potential at small-r T is attractive. We also observe that it is finite in the T → 0 limit, unlike the QQ potential of Eq. (3.98), and does not require string-fluctuation corrections to remain finite in this limit.
Summary and outlook
We computed the adjoint quark-anti-quark potential, as well as the quark-quark potential in a SYM plasma. Both potentials are of order-λ/N 2 c , and both are attractive. For comparison, notice that at weak coupling both potentials are also of order-λ/N 2 c . Moreover, the adjoint QQ potential is repulsive at weak coupling, and so is the the QQ potential with the quarks in the N 2 c − N c representation. On the other hand, the QQ potential in theN c representation is attractive at weak coupling. It appears that all the potentials, regardless of whether they are repulsive or attractive, become attractive at large 't Hooft coupling.
To interpret this result we use the suggestion of [13] that the electric modes can be singled out non-perturbatively by identifying the CT -odd interaction channel. The quantum numbers of the supergravity fields contributing to the potentials calculated above can be found in [15] (see also [11] for a table of the quantum numbers of the relevant fields excluding t 0 ). We see that the dilaton, graviton, and t 0 are CT -even, while B 0z is CT -odd. We can thus identify the 2-form contribution as corresponding to chromo-electric modes in the gauge theory. The remaining dilaton, massive scalar and the graviton may correspond to either magnetic modes, or to even numbers of electric mode exchanges. The latter are probably not very important in the mix, since the chromo-electric (2-form) contribution by itself is smaller than the sum of all other contributions: hence it is likely that the scalars and the dilaton correspond mainly to the chromo-magnetic modes on the boundary. The chromo-electric (2-form) contribution changes sign in going from QQ to QQ, which seems natural for the chromo-electric modes. In the perturbative weak-coupling limit, when the potentials are calculated at lowest order by two-gluon exchanges between Polyakov loops [18] , the interaction is entirely due to chromo-electric modes. However, even at weak coupling it appears that the chromomagnetic modes are less screened than the chromo-electric ones, though they do not couple directly to the heavy quark and anti-quark, and their contribution is suppressed by extra powers of the coupling coming from the loop diagrams needed to couple them to the quarks [13, 45] . It seems that our above results suggest that at strong coupling the magnetic modes dominate over electric modes in the QQ and QQ potentials, making both of them attractive. The fact the the leading pole for the graviton is smaller than the leading pole for the 2-form field can be interpreted as magnetic modes being less screened even in the strong coupling limit. Small-coupling suppression of the magnetic contribution's coupling to the static heavy quarks by higher orders of the coupling is no longer an issue at strong coupling. Thus it seems natural that magnetic modes dominate at strong coupling (since they are screened less than electric modes and couple to quarks similarly) making both potentials attractive.
For the adjoint QQ potential (and for the QQ potential in the N 2 c − N c representation) we thus conjecture that in transition from weak to strong coupling the potential, while remaining of order-λ/N 2 c , would change its sign. There should be no change of sign for the QQ potential in thē N c representation.
In [11] the Debye screening mass was identified as the leading pole in the CT -odd channel. Of all the CT -odd supergravity particles, the one with the lowest location of the pole on imaginary axis is the axion [15] , the EOM and, therefore, poles for which are the same as for the dilaton considered above. The authors of [15] have therefore identified m D = 3.4041 π T as the Debye mass of N = 4 SYM plasma. However, it may seem a little peculiar that the axion does not couple to the string world-sheet at the leading (tree-level) order: how can electric modes in gauge theory not couple to a static heavy quark? It is possible (though seems a little hard to determine precisely) that the single axion can still couple to the string through some higher-order diagrams, with the axion-string coupling suppressed by additional powers of 1/N 2 c . If that was the case, the CT -odd part of the QQ potential at large-rT would be proportional to Indeed at very large distances, parametrically defined by r T ≫ ln N 2 c , the axion would dominate, with its mass being the correct Debye mass. It appears that more work is needed in order to determine the degree of suppression of a single-axion coupling to the string world-sheet and to eliminate the possibility of this coupling being zero. If the coupling is in fact zero, the leading pole of the 2-form field at 5.1085 π T would be the correct Debye mass. We leave this for future work.
Other possible future improvements of our result may include performing similar calculations of the QQ and QQ potential in more QCD-like geometries [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] . Indeed the positions of the poles and the corresponding residues would be modified by the new geometries, along with other calculational details. One may even include finite quark masses (which are infinite in our present calculation) by inserting a probe D7-brane wrapped over S 5 along the lines of [58] and having the strings dual to the quarks end on this D7 brane. After performing a more QCD-like calculations, one may hope to be able to perform a meaningful comparison of the results to the lattice QCD data [26, 27] .
q-space. Subtracting r r and θ θ equations from each other, and transforming the result back into coordinate space, we get −r ∂ 2 r (Ā +B +h) + ∂ r (Ā +B +h) = 0 (A2) which implies thatĀ +B +h = ρ 1 (z) r 2 + ρ 2 (z)
with ρ 1 (z) and ρ 2 (z) some arbitrary functions of z. On the physical grounds one may require that the metric should fall off with increasing r at large-r: this would put ρ 1 and ρ 2 to zero. Alternatively one can show that, employing the residual diffeomorphism invariance left in the metric ansatz (3.74) one can eliminate ρ 1 (z) and ρ 2 (z), obtaining Eq. 
